The smooth convex generalized failure function, which represents 1/6 part of envelope in the deviatoric plane, is proposed. The proposed function relies on four shape parameters (L s , a, b and c), in which two parameters (a and b) are dependent on the others. The parameter L s is called extension ratio. The proposed failure function could be incorporated with any two-dimensional (2D) failure criteria to make it a three-dimensional (3D) version. In this paper, a mathematical formulation for incorporation of Hoek-Brown failure criterion with the proposed function is presented. The Hoek-Brown failure criterion is the most suited 2D failure criterion for geomaterials. Two types of analyses for best-fitting solution of published true tri-axial test data were made by considering (1) constant extension ratio and (2) variable extension ratio. The shape and strength parameters for different types of rocks have been determined by best-fitting the published true tri-axial test data for both the analyses. It is observed from the best-fitting solution by considering uniform extension ratio (L s ) that shape constants have a correlation with Hoek-Brown strength parameters. Thus, only two parameters ( c and m) are needed for representing the 3D failure criterion for intact rock. The statistical expression between shape and Hoek-Brown strength parameters is given. In the second analysis, when considering varying extension ratio, another parameter f is introduced. The modified extension ratio is related to f and extension ratio. The results at minimum mean misfit for all the nine rocks indicate that the range of f varies from 0.7 to 1.0. It is found that mean misfit by considering varying extension ratio is lower than that in the first analysis. But it requires three parameters. A statistical expression between f and Hoek-Brown strength parameters has been established. Though coefficient of correlation is not reasonable, we may eliminate it as an extra parameter. At the end of the paper, a methodology has also been given for its application to isotropic jointed rock mass, so that it can be implemented in a numerical code for stability analysis of jointed rock mass structures.
Introduction


Various failure criteria have been proposed so far for rocks (Drucker and Prager, 1952; Mogi, 1967; Wiebols and Cook, 1968; Lade, 1977; Hoek and Brown, 1980; Nakai, 1982, 1985; Ramamurthy et al., 1985; Hoek, 1994; Sheorey, 1997; Maiolino, 2005; Benz et al., 2008; You, 2009) . Among them, Hoek-Brown and Mohr-Coulomb failure criteria are the most popular and commonly used criteria for stability analysis of rock structures. Mohr-Coulomb is a linear failure criterion, whereas Hoek-Brown is a nonlinear failure criterion. These are two-dimensional (2D) in nature by considering that strength is primarily dependent on the minimum principal stress only. It has been observed that the intermediate principal stress has also a significant effect on the strength. Though, researchers do stability analysis of the rock structure, preferably, considering these 2D criteria. These criteria are simple in nature and can easily be implemented in the numerical modeling, even for elasto-plastic/strain softening analysis (Medhurst and Brown, 1998; Adhikary et al., 2002; Shrivastva, 2009a, 2009b) .
The influence of intermediate stress on strength is considerable. Therefore, the 3D failure criterion has to be considered for more precise analysis of the structure stability. A number of 3D failure criteria are proposed, but some of them do not fulfill the Drucker's stability postulate (Drucker, 1956) . Mogi (1967) carried out laboratory investigation on true tri-axial tests on various types of rocks and proposed a 3D failure criterion. The nature of locus of failure criterion in deviatoric plane is concave, thus, it has the corner problem at the tri-axis ( 1 ,  2 ,  3 ). The same problem arises with the Wiebols-Cook criterion and its modified version also (Wiebols and Cook, 1968) . Drucker and Prager (1952) proposed a failure criterion for soil (or cohesionless material). The locus of the failure envelope in the deviatoric plane is circular. This could not be adopted for the cohesive material such as rocks or rock mass. Few researchers (Matsuoka and Nakai, 1982; Maiolino, 2005; Benz et al., 2008) proposed 3D smooth convex failure criteria. The failure envelope of true tri-axial test results of rocks in the deviatoric plane is triangular with rounded corners. They considered that the strength of the geomaterials is equal when either intermediate principal stress ( 2 ) is equal to the maximum principal stress ( 1 ) or the minimum principal stress ( 3 ). It is depicted from compression and extension tri-axial test results obtained by Mogi (2007) that strength is higher in the case of extension mode compared to that in compression mode for most of the rock types. The shape of the failure envelope in deviatoric plane may not be uniform. It was observed from the laboratory true tri-axial tests conducted on concrete blocks (Kim and Lade, 1984) that the shape of the failure envelope in the deviatoric plane varies from triangular to circular with the mean stress.
Thus, the authors considered both the possibilities in the analysis, i.e. uniform and varying shape of the failure envelope in the deviatoric plane at different mean stresses. An attempt was made to propose a generalized smooth convex failure envelope in the deviatoric plane. The proposed failure function may incorporate with any 2D failure criteria. The shape of the proposed failure envelope is considered to be uniform in the first analysis and varying with the mean stress in the second analysis.
2
Mathematical formulation of smooth failure function in deviatoric plane
The graphical representation of failure envelope for isotropic rock is six-fold symmetrical about its hydrostatic axis in deviatoric plane (π-plane). Shape of the failure envelope in any deviatoric plane may be uniform or vary with mean stress. The size, however, of the failure envelope in any deviatoric plane is dependent on the mean stress. The failure envelope in deviatoric plane is shown in Fig. 1 and described in the subsequent sections.
Deviatoric radius ( R  )
The deviatoric radius is defined here as the length from hydrostatic axis to any point (say point P) lying on the failure envelope in the same deviatoric plane. The deviatoric radius reduces as one moves from point Fig. 1 . It is worth noting that both points lie in the same deviatoric plane. The deviatoric radius is expressed as
where m
is the mean stress, and R  is the deviatoric radius at angle θ from axis OA.
The coordinate of center point of the deviatoric plane is m m m ( , , )    . The angle from axis 1  to point P in the deviatoric plane is represented by θ. It is defined as
It is related to Lode angle as follows:
Normalized deviatoric radius (  )
To have a similar size in any deviatoric plane, deviatoric radius for a given angle θ is divided by deviatoric radius at θ = 0. It is called a normalized deviatoric radius and defined as
The maximum value of normalized deviatoric radius is one at θ = 0 (point A) and minimum is L s at θ = /3 (point B).
Extension ratio (L s )
The extension ratio is defined as a ratio of deviatoric radius at θ = /3 and 0 in the same deviatoric plane:
The range of extension ratio is 0.5 to 1.0. 
It is observed from Eq. (6) that L s is constant, irrespective of the mean stress. It is dependent on internal friction angle only. Whereas, in the case of Hoek-Brown failure criterion, L s is not uniform rather increases with the mean stress. It is discussed in detail in Section 3.
Failure function in deviatoric plane
The equation of failure envelope in 1/6 part is proposed as it is six-fold symmetrical in nature. It is deduced in x-y coordinate system from point A to B:
where a, b and c are the shape constants. 
By inputting above values of x and y (at θ = π/3) in Eq. (7), we can get:
The tangent at points A and B (Fig. 1) should be perpendicular to OA and OB for eliminating the corner problems. Therefore, the following two conditions should be satisfied:
The first derivative of the proposed curve is as follows:
It is observed from Eq. (10) that the first condition satisfied for any value of b (except b = 1) as derivative becomes indeterminate at x = 0 and should be greater than 0 as previously discussed. Thus, b should be greater than one. The second condition is satisfied by:
By inputting x and y from Eq. (8) at θ = π/3 in Eq. (11), we have: The following conditions must also be satisfied to fulfill the condition of convexity at any point within the curve from point A to B:
The second derivative of Eq. (7) with respect to x is not easy to find out the feasible range of c with respect to L s to satisfy Eq. (12). Thus, it was determined by simply inputting the value of c at any L s to satisfy the above condition with the help of partial differentiation through a computer program. Fig. 2 shows the feasible range, by hatched, of c for any value of L s . The proposed function of failure envelope in deviatoric plane could be clubbed with any 2D failure criterion to convert it into 3D criterion. Hoek-Brown failure criterion is the most suitable for most geomaterials. Therefore, Hoek-Brown failure criterion is adopted. A mathematical formulation for incorporation of Hoek-Brown failure criterion with the proposed function is given in the subsequent sections.
Hoek-Brown failure criterion
The basic form of Hoek-Brown failure criterion is related to the minimum and the maximum principal stresses. It is described as
where c  is uniaxial compressive strength (UCS); m, s and a are the Hoek-Brown strength parameters. For intact rock, s and a are equal to 1 and 0.5, respectively.
Strength parameters (m, s) for intact rock can be determined by best-fitting the curve between 1  and 3
 for a given tri-axial test data set. In this condition, the intermediate principal stress 2 ( )  is equal to the minimum principal stress 3 ( )  , which is called compressive mode. If the maximum and the intermediate principal stresses are equal at failure, it is called extension mode.
Calculation at compressive mode ( 2 =  3 )
The mean stress in the compressive mode will be as follows:
where c1  and c3  are the maximum and minimum principal stresses, respectively. The subscript 'c' is used for compression mode ( 2 = 3 ). The value of c1  can be written as function of c3  using the HoekBrown failure criterion. Thus, Eq. (14) becomes
Eq. (15) can be rewritten as 
The solution of the above quadratic equation in terms of minimum principal stress 
If one knows the state of stress condition at failure (point P, Fig. 1 ), the mean stress and the subsequently effective minimum principal stress could be determined in the same deviatoric plane from Eqs. (2) and (18), respectively. The state of stress conditions at failure (point P) and state of effective minimum principal stress (equal to intermediate stress) and its corresponding maximum principal stress (point A) lie in the same deviatoric plane.
Calculation at extension mode ( 1 =  2 )
Similarly, the effective minimum principal stress in extension mode ( 1 = 2 ) is calculated. The mean stress in extension mode is
where the subscript 'e' is referred to extension mode ( e1 =  e2 ). Inputting the maximum principal stress value from Eq. (13), we have
Eq. (20) can be rewritten as
Squaring both sides of Eq. 
The solution of Eq. (22) 
Eq. (23) gives the effective minimum principal stress in extension mode e1 e2 ( )    at any mean stress. The effective minimum principal stress in compression mode, point A, and extension mode, point B, as shown in Fig. 1 , can be determined from Eqs. (18) and (23), respectively, at any mean stress. The coordinate of the center point (O) is ( m ,  m ,  m ). All the three points A, B and O lie in the same deviatoric plane.
Calculation for extension ratio
As already discussed in Section 2.3, the deviatoric radius can be determined for any state of stress condition at failure from Eq. (1). At θ = 0, the intermediate stress is equal to the minimum stress. Thus, Eq. (1) becomes 
By inputting
Eq. (27), we have
where e3  can be determined from Eq. (23). The extension ratio, L s , is a ratio of Eq. (28) to Eq. (26). It is observed that L s is not constant with respect to the mean stress for Hoek-Brown failure criterion, but it is a constant for the Mohr-Coulomb failure criterion. Here, it is worth noting that the strength of the geomaterials was considered as the same when either intermediate principal stress is equal to the maximum principal stress or the minimum principal stress. However, it is observed from the laboratory tri-axial test in compressive and extension modes that strength is slightly higher in extension mode compared to compression test for the same minimum principal stress (Mogi, 2007) . Thus, the extension ratio would be considered higher than the calculated one from the above expressions.
Best-fitting of the true tri-axial test data
Nine published data sets of true tri-axial tests on different types of intact rocks (Chang and Haimson, 2000; Mogi, 2007) have been taken for best-fitting of the proposed failure function by considering HoekBrown failure criterion. The state of principal stresses data at failure can be deduced in the x-y coordinate system in deviatoric plane in normalized condition, which is given as follows: sin
where  and  can be determined in combination of Eqs. (4), (26), (18) and (2). The values of Hoek-Brown strength parameters for intact rocks ( c , m) and shape constants (L s , c) of the proposed function can be determined by best-fitting the true tri-axial data sets. Other shape constants (a, b) are the function of L s and c. The basis of best-fitting is to minimize the mean misfit of the data sets for individual rock types. It was, of course, very difficult for bestfitting the solution. Thus, a computer program has been written to determine the best-fitting solutions at mean misfit in terms of parameters for a true tri-axial test data set of particular rock type. The program was in four-stage looping of parameters, i.e. c  , m, L s and c. The computer program runs in a loop for a particular test data set of rock type to calculate the predicted value of  1 for the given  2 and  3 . The difference was calculated between the predicted and actual values of  1 and kept in the memory. The calculation was made for all the data set of particular rock type at any stage of variable parameters ( c  , m, L s and c). The average difference, i.e. the mean misfit between predicted and actual values of  1 , has been calculated based on the mean-square-root concept. The same procedure has been repeated for other permutation and combination of parameters, i.e. c  , m, L s and c. Further, the bestfitting solution at least mean misfit has been identified among all permutation and combination of parameters.
The best-fitting analysis was performed by considering both possibilities: (1) uniform extension ratio (L s ) and (2) variable extension ratio as a function of mean stress ( m ).
Results and analysis by considering uniform L s
The best-fitting solutions in terms of Hoek-Brown strength parameters and shape parameters of the proposed function have been determined for each type of rocks by considering various permutations and combination of strength and shape parameters. The range of c for particular L s is taken from Fig. 2 . The shape of the failure envelope in any deviatoric plane is uniform in this analysis.
It indicates a reasonable correlation between L s and c at least mean misfit. Adding the boundary values of shape parameters (i.e. at L s = 0.5, c will be 1.0, triangular shape, and at L s = 1.0, c will be 0.5, circular shape) to the results of the initial analysis shows that c is almost linearly dependent on L s as described below:
Eq. (30) also satisfies the convexity condition (Fig. 2 , almost lower bound solution). The proposed failure envelope in deviatoric plane at different extension ratios considering Eq. (30) is shown in Fig. 3 . The above relationship was considered for further analysis. Now, only three parameters were needed ( c , m, L s ) for permutation and combination to get the best-fitting solutions. The results of this analysis have also not been discussed in the paper. It is observed that L s has a logarithmic correlation with Hoek-Brown strength parameter m in the given form:
where  is a constant observed in the range of 0. 
The analysis has been made by considering L s and c as a function given in Eqs. (32) and (30), respectively. The final results at mean misfit in terms of HoekBrown strength parameters are listed in Table 1 . The validity of the above expression is limited for intact rocks only. Here, it is noted that the shape of the failure envelope in any deviatoric plane is uniform (i.e. L s is considered uniform in any deviatoric plane). The results have been compared with the failure criterion proposed by You (2009) . It is observed that the mean misfit is slightly higher for most of the rock types. But it has corner problems at tri-axis and does not satisfy Drucker's stability postulate. Whereas, the proposed function is a smooth convex failure criterion and also fulfills the Drucker's stability postulate. The mean misfit for Dunham dolomite is 9.55 MPa, whereas it is 17.8 MPa when considering You's failure criterion. The mean misfit for KTB amphibolites rock is 56.32 MPa, higher than that by You's failure criterion. The mean misfits for other rocks are almost the same by considering the proposed and You's failure criteria. Thus, one can choose the proposed smooth convex failure criterion by considering a uniform shape in any deviatoric plane (constant L s ). It requires only two parameters, i.e.  c and m, and other parameters are interrelated with Hoek-Brown parameters. The failure envelopes of all the nine rock types in deviatoric plane are shown in Fig. 4 . The shape for Dunham dolomite, Solenhofen limestone, Mizuho trachyte rocks is almost circular as the parameter m in Hoek-Brown strength is very low in this case compared to other rock types. Other rock types show triangular shape with rounded corners because of high m value. The proposed criterion estimates that  c is equal to 136 MPa, whereas it is actually 100 MPa. Thus, an ambiguity is observed in Mizuho Trachyte rock, where one data set observed in Fig. 4(f) is very far from the proposed envelope in deviatoric plane at nil confinement ( c ). Otherwise, most of the data lie on the failure envelope in the deviatoric plane.
1 2 3
o 2 1 3 o 2 1 3 o 2 1 3 o 2 1 3 o 2 1 3 o 2 1 3 o 2 1 3 o (i) Orikabe monzonite.
Results and analysis by considering variable L ms
The extension ratio varies with mean stress for Hoek-Brown failure criterion. Most of the rocks show that the strength in extension mode is higher compared to that in the compression mode for the same minimum principal stress (Mogi, 2007) . Therefore, the extension ratio should be larger than the calculated one (ratio of Eq. (28) to Eq. (26)). The maximum value of L s is one for a circular shape of failure envelope. Therefore, it should not be larger than one. Thus, a power relationship is considered as
where L ms is modified extension ratio, and f is a positive constant which should be equal to or less than one. When f is equal to one, rock strength in compression and extension modes for the any minimum principal stress will be the same. When f is less than one, rock strength in extension mode will be higher compared to that in the compression mode for the same minimum principal stress. The similar approach as discussed in the previous section for determination of least misfit has been adopted. Here, L s has been determined from Eq. (34). The parameters  c , m and f have been varied, considering L ms + c = 1.5 to find out the mean misfit. The results in terms of  c , m and f constants are listed in Table 2 at least mean misfit. The mean misfit is approximately equal to the one observed by You (2009) . In the case of Dunham dolomite, the mean misfit is less compared to You's failure criterion. It is observed that the mean misfit for KTB amphibolites, when considering variable extension ratio, is considerably less, i.e. 45.44 MPa, compared to constant extension ratio, i.e. 56.32 MPa. Whereas in the case of Manazuru andesite rock, constant extension ratio gives least mean misfit compared to variable extension ratio. However, in general, it is observed that nonlinear extension ratio gives less mean misfit compared to constant extension ratio. One may consider nonlinear extension ratio rather than constant. But it needs three basis parameters, i.e.  c , m and f. The value of 
The correlation of Eq. (35) is not good (R 2 = 0.57).
The shape of the failure envelope in deviatoric plane is varying. Therefore, it was not plotted. The plot for all nine types of rocks at  1 - 2 space is plotted in Fig. 5 . Most of the data approximately lie on the failure envelopes in  1 - 2 space. It is depicted from Fig. 5 that rock strength in extension mode is higher compared to that in the compression mode. The reason is that f is less than one and it increases the modified extension ratio which in turn increases the strength in extension mode. It is also observed from Fig. 5 that percentage difference at low minimum principal stress is more than that at high minimum principal stress. The value of extension ratio increases with increasing minimum effective principal stress (Section 3). It is worth noting that both the analyses considering uniform and variable extension ratios were separate. The best-fitting solutions in terms of strength parameters of Hoek-Brown failure criterion and parameters of the proposed function in deviatoric plane on mean misfit have been determined. Therefore, the basic strength parameters for Hoek-Brown failure criterion (i.e. c  and m) are different as shown in Tables 1 and 2 . considered uniform in any deviatoric plane and it was considered to vary with mean stress in the second analysis. The results in terms of mean misfit were compared with the failure criterion proposed by You (2009) . The following conclusions have been drawn from both the analyses: The shape parameter c has a linear relationship with L s . L s also has a strong correlation with m while considering uniform extension ratio. Thus, for representing a 3D smooth convex failure criterion, only two variables, i.e.  c and m, are needed, and other parameters can be determined from the statistical relationship as mentioned in the paper. The analysis indicates that the mean misfit for all the nine types of rocks is slightly higher than that by You's failure criterion. However, one may consider it as it requires only two parameters. The second analysis, by considering varying extension ratio, shows that parameter f does not have any correlation with other parameters. Thus, for representing a 3D smooth convex failure criterion, three parameters are required, i.e.  c , m and f. The results in terms of the mean misfit are approximately equal to the one determined by You (2009) . However, one can choose an average value of f = 0.85.
It is concluded from both analyses that one may consider varying extension ratio rather than uniform extension ratio. The proposed function along with Hoek-Brown failure criterion could also be implemented in a numerical code for jointed rock mass analysis as the methodology given in the paper.
